Abstract. The investigation of macroscopic quantum phenomena is a current active area of research that offers significant promise to advance the forefronts of both fundamental and applied quantum science. Utilizing the exquisite precision and control of quantum optics provides a powerful toolset for generating such quantum states where the types and 'size' of the states that can be generated are set by the resourcefulness of the protocol applied. In this work we present a new scheme for 'growing' macroscopic superposition states of motion of a mechanical oscillator via cavity quantum optomechanics. The scheme consists of a series of optical pulses interacting with a mechanical mode via radiation-pressure followed by photon-counting measurements. The multistep nature of our protocol allows macroscopic superposition states to be prepared with a relaxed requirement for the single-photon optomechanical coupling strength. To demonstrate the feasibility of our scheme, we quantify how initial mechanical thermal occupation and decoherence affects the non-classicality and macroscopicity of the states generated. We show that under realistic experimental conditions, mechanical quantum states can exhibit significant non-classicality and can be grown to a macroscopic scale.
Introduction
Studying macroscopic quantum states has a myriad of motivations that range from quantum technology development to deepening our understanding of the foundations of physics. Notably, observing the dynamics of such states can put tighter bounds on potential models for wavefunction collapse [1] [2] [3] , and provides a path to test macroscopic quantum phenomena and quantum gravity on a table top [4] [5] [6] [7] [8] [9] [10] . Current experimental platforms pursuing the preparation of macroscopic quantum states include molecule interferometry [11] , superconducting circuits [12, 13] , ultracold atoms [14] , and cavity quantum optomechanical systems [15] .
The present work contributes to cavity quantum optomechanics, which utilizes optical forces and the quantum control of light to generate and study non-classical states of mechanical motion. The field has diversified significantly over the last two decades and a number of quite different experimental platforms and protocols are now being explored. Prominent deterministic protocols to generate non-classical mechanical states include the generation of mechanics-field entanglement [4, 5, 16] , and non-Gaussian state preparation via optomechanical state-swap [17] [18] [19] [20] . Utilizing measurement provides a powerful non-deterministic approach for state preparation with prominent examples including mechanical squeezing via measurement [21, 22] , superposition state preparation via position-squared measurements [23] [24] [25] , phonon addition/subtraction [26] [27] [28] , and sequential measurement schemes [29, 30] . This line of research lays the foundation for the development of optomechanical quantum technologies such as microwaveto-optical conversion [31] [32] [33] , weak force sensing [34, 35] , and quantum information applications [36] , by establishing and improving the quantum coherence of mechanical motion.
Here we introduce a versatile new scheme for non-classical mechanical state preparation via measurement that can 'grow' a mechanical superposition state with a sequence of optical pulsed interactions and photon-counting measurements. Our scheme operates outside the resolved-sideband regime, and builds upon the operation introduced in Ref. [37] , where a single pulsed interaction and photon-counting measurement causes the mechanical oscillator to undergo a superposition of the identity operation and a momentum kick. For this operation, the momentum transfer is determined by the single-photon optomechanical coupling strength. Currently, this single-photon coupling strength is small for solid-state optomechanical systems, and hence our scheme provides a path to increase the momentum transfer by utilizing a sequence of many operations. As will be detailed below, this is achieved by appropriately choosing the phases in the sequence to cancel all the possible momentum components apart from the two extrema. In this way we generate a quantum superposition of two well-separated mechanical momentum components, which comprise two macroscopically distinguishable states often referred to as the Schrödinger cat state. In contrast to existing schemes in the literature for superposition state generation, our approach has several advantages: (i) the requirement for strong single-photon optomechanical coupling is relaxed and larger superposition states can be generated by making more steps, (ii) only easily prepared optical inputs states, such as coherent states and single photons, are required, (iii) the scheme is resilient to optical loss, and (iv) an avenue is opened for further studies with multiple operations to generate a wide variety of superpositions in momenta as well as in mechanical phase-space involving both position and momenta. In this work we focus on the preparation of mechanical Schrödinger cat states, due to their importance in many proposals for exploring the limits of standard quantum theory and for their utility in sensing and quantum information applications. Using a range of parameter sets from recent experiments, we quantify and demonstrate the performance of our scheme by characterizing the non-classicality and macroscopicity of the mechanical states that can be generated. Even in the presence of mechanical thermal occupation and decoherence, we find that strong non-classicality, as indicated by the minimum of the Wigner function and its total negative volume [38] , and large macroscopicity, as defined via Ref. [39] and the quantum Fisher information [40] , can be readily generated. Furthermore, successful state preparation can be performed with an experimentally reasonable heralding probability. Alongside this we also propose parameter sets for improved performance and explore the behaviour of the states produced in near-future realizations of our multistep scheme.
Multistep protocol

Growing mechanical superposition states with a sequence of operations
Our optomechanical protocol for non-classical mechanical state preparation can be applied to a wide range of systems. In particular, the two platforms we consider in detail for the present work are engineered solid-state mechanical systems [15] , and ultracold atom implementations [41, 42] , where a cloud of atoms 'sloshes' within a trapping potential. Our setup, see Fig. 1 , allows for the implementation of a multistep protocol, in which each step involves an optical pulse interacting with the mechanical mode of interest via radiation-pressure. The end of each step is affirmed by a photonnumber measurement on the optical field, which heralds a nonlinear operation applied to the mechanical oscillator. In this section we will first describe how a single step of this protocol creates a superposition of mechanical momentum states. After this we will then describe how multiple steps may be used to enhance the separation in these momentum states and therefore 'grow' the mechanical superposition state. Before the protocol is outlined, it is convenient to introduce some of our notation. Firstly, X = (b + b † )/ √ 2 is the mechanical position operator in units of the zero-point motion of the mechanics x 0 = /(mω), where ω is the mechanical frequency and m is the effective mechanical mass. Secondly, P = −i(b − b † )/ √ 2 is the mechanical momentum operator in units of the zero-point momentum, p 0 = √ mω. When X and P are defined in this way this leads to the commutation relation [X, P ] = i.
Each step of our protocol is initiated by the injection of a pulse of light in the quantum state |ψ into a Mach-Zehnder interferometer via a 50:50 beam splitter. For this scheme, this optical pulse is taken to be either a weak coherent state | √ 2α or a single photon |1 . We will describe both cases here and show that, apart from the heralding probability, both of these optical input states result in the same nonunitary operation, which generates the mechanical superposition of momenta. At the first beam splitter, the optical pulse is mixed with vacuum on the unused port through
where a 1,2 are the annihilation operators for the two optical modes of the interferometer. In the lower arm, a phase φ j is imprinted onto the optical field, where j indexes the step number. While in the upper arm the optical pulse and mechanical mode couple parametrically via the interaction Hamiltonian
where g 0 is the optomechanical coupling rate. Provided that the interaction time is much shorter than the mechanical period, we model the optomechanical interaction with the unitary operation e iµa † 1 a 1 X , as has been employed in Ref. [21] . Here µ is the dimensionless optomechanical coupling strength, which quantifies the momentum transfer during the interaction in units of zero-point momentum. For a single-sided optomechanical cavity µ = 3g 0 / √ 2κ, where κ is the cavity amplitude decay rate. The numerical prefactor in µ originates from the assumed temporal shape of the optical pulse, √ κ exp(−κ|t|), which matches the spectrum of the cavity [21] , and a derivation of µ in this case is given in Appendix A. For the case of the coherent input, this temporal envelope may be engineered from a continuous laser by amplitude modulation. Whereas for single photons, this pulse shape is often created naturally in the process of cavity-enhanced non-degenerate parametric downconversion [43] . After this optomechanical interaction, the two optical modes then interfere on a second 50:50 beam splitter and photon-number measurements are made at the beam-splitter outputs, which provides the event-ready signal for the end of the step. Temporal mode matching of these two optical pulses may be ensured by placing a cavity, with an identical response function to that of the optomechanical cavity, in the bottom arm of the interferometer. An {m j , n j } click event corresponds to detecting m photons in the detector at the output of mode 1, and n photons at the output of mode 2 at the end of the j th step. Registering an {m j , n j } click event for a single step of the protocol corresponds to a measurement operator that maps the initial state of the mechanical mode ρ in to the output state ρ out ∝ Υ (j) m j ,n j • ρ in . For brevity we use the circle notation for quantum operations, i.e. ΥρΥ † = Υ • ρ. Here the superscript on the measurement operator highlights the dependence on the choice of phase at the j th step, while the subscripts run over the complete set to which the measurement operator Υ (j) m j ,n j belongs. This measurement operator is given by Υ (j)
, where U is the beam splitter operation defined above. More explicitly, we have It is thus seen that this operation applies a combination of displacement operators e iµX and phase shifts e iφ j 1 to the mechanical state dependent on the choice of phase and the measurement outcome.
Multiple steps can be used to enhance the separation size of these superposition states and, in this way, grow the quantum state to a macroscopic scale. To ensure that the protocol grows the superposition state along the momentum axis of phase space, the pulses are applied either one after another rapidly, in a time much less than the mechanical period, or once every mechanical period. In the following discussions, we will assume that the latter approach is adopted and in later sections compute the decoherence between steps. After N steps of this state preparation protocol the mechanical density operator is described by
Here, the probability to obtain a particular series of N output click events is given by
. For the particular case of a series of {0, 1} click events, every measurement operator in Eq. (3) takes the form Υ (j) 0,1 ∝ (e iµX − e iφ j 1), which is a simple superposition of a momentum displacement operator and a phase shift. In this case the multistep protocol then maps the initial state ρ in of the mechanics to the final state
The multistep protocol therefore produces a final mechanical state consisting of N + 1 copies of the initial state along the momentum axis of phase space, each separated by µ.
Controlling the value of φ j at each step of the protocol allows for the preparation of a variety of mechanical momentum superposition states. An especially noteworthy choice of phase is φ j = 2πj/N , which leads to cancellation of all the cross terms in Eq. (4), leaving
Eq. (5) shows that the final state of the mechanics comprises a Schrödinger cat state (SCS) along the momentum axis of phase space consisting of two copies of the initial state at P = 0 and P = N µ. When this particular choice of phase is utilized the multistep protocol therefore leads to an enhancement in the phase-space separation of momentum components by a factor N . Growing the superposition state in this way will lead to more prominent non-classicality and macroscopicity features. As stated earlier, the SCS is frequently discussed in theoretical proposals that study quantum mechanical phenomena such as wavefunction collapse and the interface between quantum mechanics and gravity, and hence we focus on this class of state for the rest of this work. For further calculations, it is convenient to express and visualize these states in a phase space formed by position and momentum operators, X and P , using the Wigner quasiprobability distribution. Assuming that the mechanical mode starts off in an initial thermal state with a mean thermal occupationn, i.e. ρn = (πn)
2 βe −|β| 2 /n |β β|, where the dummy variable β is a coherent amplitude, the final state of the mechanical mode after the multistep protocol given by Eq. (5) is described by the Wigner distribution
Here, 1/2N SCS = 1 − exp[−N 2 µ 2 (1 + 2n)/4] ensures normalization. The first and second terms inside the curly brackets of Eq. (6) are the population components of the SCS, while the last term corresponds to the quantum interference between them.
This type of mechanical superposition state may also be obtained by observing a series of {1, 0} click events instead of a series of {0, 1}. With φ j = 2πj/N , registering a series of {1, 0} clicks leads to the generation of the final state
The mechanical mode is therefore in an even cat state or an odd cat state if N is odd or even, respectively. At small values of N µ the total measurement operator for the protocol is proportional to the identity operator when N is odd, i.e.
While for even N , at these small values of N µ the measurement operator is proportional to the position operator, i.e.
It is therefore apparent that a protocol which produces odd cat states for all N is preferred, as it leads to the production of mechanical states which differ significantly from the initial mechanical state, even for small µ. Crucially these odd cat states possess more prominent non-classicality and macroscopicity features as will be discussed in Section 3.1 and 3.2. Therefore, to obtain these more interesting states for a series of {1, 0} Here, the Wigner distribution is plotted at each step of a five-step protocol for µ = 1 and n = 0.1. Between each plot the measurement operator Υ (j) 0,1 is applied to the previous mechanical state. The phases applied on the first, second, third, fourth and fifth steps are φ 1 = 0, φ 2 = 2π/5, φ 3 = 4π/5, φ 4 = 6π/5 and φ 5 = 8π/5, respectively. The final plot of this figure is the SCS, consisting of two population terms centred at P = 0 and P = 5, with interference between these two terms centred at P = 2.5.
click events at any N , and recover Eq. (5), the phase is chosen as φ j = 2πj/N + π. In summary, the multistep protocol for growing a mechanical SCS consists of recording a series of {0, 1} or {1, 0} click events and choosing the phases to be φ j = 2πj/N or φ j = 2πj/N +π, respectively. Fig. 2 shows how the mechanical SCS grows in phase-space during a five step process.
Heralding probability
The heralding probability P N for the multistep state-preparation protocol may be calculated by setting the trace of Eq. (3) equal to one. For an initial thermal state ρ in = ρn, and using φ j = 2πj/N , m j = 0, and n j = 1 for all j, we then have
The case where |ψ = |1 shows more favourable scaling in the heralding probability. This improved performance occurs for all coherent amplitudes, as can been seen explicitly if the first heralding probability in (7) is maximized with respect to |α| to obtain |α| max = 1/ √ 2, which is ideal for {0, 1} and {1, 0} measurements. This difference in heralding probability is easily explained by photon number conservation, which demands that for a single photon input the only possible output clicks are {0, 1} and {1, 0}, which are optimal for the protocol described above, whereas the coherent input pulse permits m j and n j to take on any integer value greater than or equal to zero. We will now discuss realistic photon counting schemes for our two optical inputs.
For |ψ = |1 , low-dark-count avalanche-photodiodes (APDs) may be employed. This is because, in the absence of loss, only {0, 1} or {1, 0} click events are possible, which are readily detected using APDs, and photon-number resolution is not required.
In the presence of loss {0, 0} click events are possible, which leads to a loss of mechanical non-classicality and therefore runs of the experiment where these events occur are discarded. In this way, the protocol is made resilient to detector inefficiency and optical loss by selecting a successful run of the experiment at the cost of a reduced success probability. Dark counts present a second unavoidable deleterious effect as they introduce false positive measurement outcomes. To minimize the frequency of these events, the detection time window may be gated to the pulse arrival time.
When |ψ = | √ 2α , the protocol calls for high efficiency, low-noise, photon-number resolving detectors. As the number of steps in the protocol increases past N = 2 the total probability of obtaining the SCS becomes smaller than the probability of observing a {0, 2}, {2, 0} or {1, 1} at any particular step throughout the state preparation protocol. Therefore, if the detectors are not capable of photon-number resolution we cannot be confident that a true sequence of {0, 1} or {1, 0} events has been recorded and that optical loss has not led to a misidentification in the string of events, which would reduce the mechanical non-classicality. However, if we satisfy the above demands on detector performance-in particular that optical loss is low-then we may include {0, 0} click events within the string of click events and therefore boost the heralding probability for state generation. This is because the measurement operator for a {0, 0} event is proportional to identity and so leaves the mechanical mode unchanged when mechanical decoherence can be neglected.
Following our discussions of the heralding probability for state preparation, we may now offer an approximate timescale over which the experiment may be carried out. Suppose that input pulses are applied every period and the mechanics is allowed to relax during a time T r between each run of the experiment, where a run involves N steps of the protocol. Here, T r = min{1/γ, 2 × 10 3 π/ω}, meaning that we let the mechanical mode return to the initial state over the inverse of the intrinsic mechanical decay rate γ. Or, if the quality factor of the mechanical mode Q is too high for this too be practical, we assume that the mechanical mode can be brought back to the initial state over 10 3 mechanical periods via, e.g. active-feedback cooling. Furthermore, in order to obtain sufficient experimental statistical data, many runs of the experiment will need to be completed. Supposing that one thousand runs of the experiment will be sufficient, it will take a total time of approximately
Note that this expression can be used for both of the optical inputs considered in this work by appropriate choice of P N . Furthermore, it is desirable that the decoherence time of the mechanics 1/Γ is much greater than the time taken to perform a run of the experiment 2πN/ω in order to limit the effects of decoherence in the state preparation. Here Γ = (2n b + 1)γ andn b is the occupation of the thermal bath, which is not necessarily in thermal equilibrium with the mechanical mode. This leads to the condition Q/(2n b + 1) 2πN , which is easily met in most ultracold atom implementations and solid-state optomechanical systems operating at cryogenic temperatures. Proposed complete parameter sets will be discussed in Section 3.3.
It is constructive to compare the heralding probabilities of the protocol introduced here with the multi-photon counting scheme introduced in Ref. [37] . There, mechanical state generation is achieved via the interaction with a coherent state of light | √ 2α , followed by a projection of the optical mode onto a NOON state. If N p is the size of multi-port implemented in this scheme, then the heralding probability for state generation is given by P Np = 2N
. By choosing φ = π, we may therefore rewrite this heralding probability-along with the two heralding probabilities from Eq. (7)-as a scaling S multiplied by 1
] , where N = N or N p . Optimizing these scalings over coherent amplitudes leads to
where (i) and (ii) refer to the scalings for |ψ = | √ 2α and |ψ = |1 in our multistep scheme, respectively, while (iii) is the optimal scaling from Ref. [37] . Comparison of S (i) with S (iii) indicates that the heralding probability scales more favourably with multi-port size than with step number for the case of a coherent input | √ 2α . However, Eq. (9b) shows that the multistep protocol with a single photon input gives the best heralding probability.
With the above probabilities in mind, we would like to further note that the multiphoton counting scheme in Ref. [37] and the multistep protocol we introduce here may be combined. In such a scheme, the momentum transfer to the mechanics per step would increase to N p µ, where N p ≥ 2, and thus coherent states would be required as the optical input states.
Model for decoherence
The fidelity between the final state and the desired output state of the protocol will be limited by interactions with the thermal environment. Here, we model the decoherence of the mechanical mode through the semigroup mapping [44, 45] ρ out = (πn th )
which describes an admixture of thermal phonons to the input state ρ in . In this thermalization processn th can be thought of as the mean number of phonons added to the mechanics by the thermal environment between each step. By expanding Eq. (10) usingn th →n th + δn th , to first order in δn th , we see that the thermalization process is equivalent to the standard single-phonon master equation that describes the evolution of a state in contact with a high temperature bath. In other words, in this limit, the single-phonon master equation may be integrated over the mechanical period to obtain Eq. (10), wheren th is then the mean number of thermal phonons added to the state during this time. Mathematically, the requirement for a high temperature bath isn b 1, which remains an appropriate limit for many mechanical quantum systems even at cryogenic temperatures.
As in Section 2.1 we assume that the mechanical mode is initially in the thermal state ρn and we apply the measurement operator Υ (j) 0,1 at each step. Eq. (10) is now used to model the decoherence during the mechanical period between each step. This may be computed analytically, and the Wigner distribution after N iterations of this step-thermalization process is
where ξ i = i j=1 (l j − m j )µ and N ensures normalization. Forn th = 0, this Wigner distribution returns to Eq. (6) so we may identify then th dependent terms in Eq. (11) as a damping and shifting of the interference features of the Wigner distribution. This decoherence effect leads to an imperfect cancellation of the N population terms in the mechanical cat state. Given that the decoherence timescale 1/Γ is the time taken for the thermal environment to introduce half a phonon to the mechanical mode, the number of phonons added between each step may be approximated as
Discussion and results
In this section we discuss the non-classicality and macroscopicity of the states produced by this protocol. We then demonstrate that significant non-classicality and macroscopicity for realistic experimental scenarios can be generated. The nonclassicality measures we investigate are based on the negativity of the Wigner distribution, while the macroscopicity measures we study are the phase-space measure I [39] and a measure based on the quantum Fisher information [46] . Definitions and descriptions of these non-classicality and macroscopicity measures will be given below.
Non-classicality
The complementarity between the canonical quadrature operators is manifest in the mathematical properties of the Wigner quasiprobability distribution. Specifically, Wigner distributions may become negative, in stark contrast to classical joint probability distributions, and hence negativity in the Wigner distribution is a signature of nonclassicality. Therefore, we present two measures of non-classicality based on the Wigner distribution-its minimum value (min W ) and its total negative volume δ [38] . The absolute minimum value any properly normalized Wigner distribution may take is −1/π. When the multistep protocol is applied to an initial thermal state, and decoherence is ignored between steps, the final mechanical state is given by Eq. (6) . In this case, the minimum value of W SCS occurs at X = 0, P = N µ/2 and is given by
For this state, in the limit of large momentum separation, the minimum of the Wigner distribution becomes −1/π(1 + 2n), and therefore the states produced in our multistep protocol approach the absolute minimum value for min W in the limitn → 0.
The total negative volume of the Wigner distribution δ [38] is calculated using
which is strictly greater than or equal to zero. Furthermore, in Appendix B we show that for SCSs this measure is always less than 1/π. This upper bound is reached for N µ 1 even in the case where the mechanical mode supports an initial non-zero mean thermal occupation. However, the introduction of an th = 0 between steps causes the value of δ to reduce and drop below this maximal value, as will be discussed in the results section below.
Macroscopicity
The phase-space measure of macroscopicity for a single-mode Wigner distribution introduced by Lee and Jeong in Ref. [39] is defined as
where ∇ 2 is the Laplacian in phase space. I quantifies the size of the superposition by measuring the degree to which the sharp features, caused by interference effects, extend in phase space. Lee and Jeong show that pure SCSs belong to a class of states that saturate the upper bound that can be reached by I, namely the expectation value of the number operator.
As a second method to quantify macroscopicity we use a measure based on quantum Fisher information (QFI) F. QFI is typically used as a tool in parameter estimation [47] , however, more recently QFI has been used as a genuine measure of macroscopic quantum effects in spin ensembles [48] and in photonic systems [49] . The macroscopicity of a state ρ can be quantified by its sensitivity to translations in phase space. First note that the translated state is given by ρ τ = e −iτ X θ ρe iτ X θ , with X θ = (ae −iθ + a † e iθ )/ √ 2. The QFI, F τ , of these translated states is then calculated for each θ, and finally a maximization over all θ is performed. Therefore the authors of Ref. [49] propose that for a single mode of a bosonic system the 'effective size' of the state ρ, and the appropriate measure of macroscopicity, is given by N eff (ρ) = 1 2 max θ F τ . Encouragingly, QFI has been shown to satisfy a set of conditions for measures of macroscopic coherence in Ref. [50] . Therefore we will now present a measure based on QFI as an alternative measure of macroscopicity. We will also present I in the results section to allow for comparison with other macroscopic state generation schemes, e.g. Ref. [30] .
The measure N eff (ρ) is difficult to calculate for mixed states, as diagonalization of the density matrix-or, equivalently, a maximization over all POVMS-is required to obtain the QFI. Whereas for pure states no such diagonlization or maximization is required. In particular, for the pure SCS, withn =n th = 0,
which is maximimum at θ = π/2. To alleviate the difficulty of maximizing over all possible POVMS when the state is mixed, we restrict ourselves to the set of POVMs given by E(X λ ) = |X λ X λ |, where 0 ≤ λ < π, which corresponds to quadrature measurements at an angle λ from the position axis. In this work we therefore use a macroscopicity measure M that satisfies M ≤ N eff (ρ). As detailed in Appendix C, the above restriction on the set of all POVMS leads to a simple expression for the macroscopicity measure M, given by M = 1 2 max λ F X λ . Here, F X λ is the classical Fisher information (CFI) with respect to the quadrature X λ . Furthermore, the states which are produced in our multistep protocol contain interference terms that oscillate along the X axis of phase space, and hence the maximization is achieved at λ = 0. Further note that the CFI of the SCS, withn = 0 andn th = 0, is given by F X = 2/(2n + 1) + N 2 µ 2 /(1 − exp[−N 2 µ 2 (2n + 1)/4]). So, in the case of a pure SCS,n =n th = 0, it is clear that a quadrature measurement along X is in fact the optimal POVM measurement, which provides further motivation for restricting the class of POVMs to quadrature measurements.
Results
In this multistep protocol, the non-classicality and macroscopicity of the final state depends on N µ and the initial thermal occupation of the mechanical mode. As an example, consider the ideal casen =n th = 0, where the width of the initial Gaussian state is −0.5 − 1 0.2131. The macroscopicity measure M also remains clamped in this interval at 3-this being equal to the value of M for the state |1 . When N µ is increased above the width of the initial Gaussian state the state becomes more macroscopic. For example, when N µ = 2, the non-classicality measure δ remains saturated at the value of the single-phonon Fock state, whereas M has increased rapidly to 4.16. The phase-space distribution now resembles a 'kitten' state-a SCS with a small separation between population terms. As N µ is increased even further, such that N µ > 4/ √ 2, the nonclassicality and macroscopicity measures increase more dramatically. At N µ = 4, δ reaches 0.2462 and M increases to 9.15. When N µ > 4/ √ 2 the mechanical mode is in a true SCS as there is negligible overlap between the two Gaussian population terms.
In the impure case, initial thermal occupation, or thermal decoherence, leads to a smearing of the population terms and a reduction in the quantum interference fringe visibility. The decoherence process modelled by Eq. (10) reduces the non-classicality and macroscopicity of the state in a non-trivial way as the state grows, such that at a certain step number the non-classicality and macroscopicity of the may begin to decrease as the multistep protocol proceeds. This is discussed in more detail below and computed numerically. Fig. 3 illustrates the three different regimes of states generated in the protocol depending upon the value of N µ. Table 1 lists a range of parameter sets taken from recent experiments that implement ultracold atom or solid-state realizations of optomechanical systems. In order to expose the mechanical quantum features, which lie beneath any thermal fluctuations, the mechanical system must be cooled close to its ground state. Therefore, in this table it is assumed that the mechanical resonator is pre-cooled ton = 0.1 and the bath temperature is 100 mK. This can be done using a combination of cryogenics, back-action cooling and active-feedback cooling methods [15] . The table also includes a range of proposed parameter sets (i),(ii) and (iii), that enable improved performance with our protocol. We consider the case where the optical input state is a single-photon pulse, the step number is N = 3, and one thousand runs of the multistep protocol have been completed. Therefore, the column headed T tot indicates the approximate total time taken to complete an experiment where one thousand statistical data points are obtained. If a weak coherent pulse is chosen as the input state then the protocol takes approximately one hundred times longer when N = 3. The final four columns show the values of the non-classicality and macroscopicity measures calculated using Eq. (11) and the definition of these measures from Section 3.1 and 3.2.
We would like to highlight that the generation of true macroscopic SCS is currently achievable using ultracold implementations of optomechanical devices over realistic timescales. The proposed parameter set (i) is currently realizable and serves as a suggestion for slight improvements that can be made to individual parameters for an even better performance of the scheme. The solid state systems in Ref. [52] and [53] , as well as proposal (ii), operate in the regime where N µ < 1/ √ 2. The protocol is successful in generating macroscopic states for the parameters from Ref. [52] and (ii), as macroscopicity values much larger than that of the initial thermal state are generated. For reference, the macroscopicity of a thermal state is given by M = 1/(2n + 1), which equals 0.83 forn = 0.1. However, in this regime true SCSs cannot be generated as we require N µ > 4/ √ 2. Given the current rate of experimental advances, it is encouraging that µ need only be increased by a factor of one hundred to allow for the generation of SCSs in solid-state devices when N = 3. Importantly, this requirement on the improvement of µ is relaxed even further when N is increased. Proposal (iii) demonstrates the success of the protocol in preparing macroscopic SCSs when this requirement on N µ > 4/ √ 2 is met. The parameter set from Ref. [53] generates little non-classicality and macroscopicity despite the relatively large value of µ. This is due to the rapid thermalization of the mechanical mode in between steps, which is a consequence of the low quality factor. The performance of the protocol rapidly diminishes asn th is increased in magnitude past 10 −2 , and note that the value ofn th depends upon the quality factor and the temperature of the thermal bath.
Values for the mean number of phonons added to the mechanical mode were calculated using Eq. (12) . The values of the measures of non-classicality and macroscopicity reached in this multistep protocol are sensitive to the value ofn th , in fact, for a given value of µ andn th , there may be a point where increasing the step number past a certain value leads to a reduction in the non-classicality and macroscopicity of the state. The plots below illustrate this point and demonstrate that for a given parameter set an optimal step number can be chosen by considering the total time required and calculating the measures from Eq. (11). We now turn our attention to a well-defined parameter regime to study the non-classicality and macroscopicity of the mechanical states in more detail. This parameter regime is particularly relevant for solid-state devices, but the results are also applicable to any optomechanical system operating at µ 1. Table 1 : Present-day experimental and proposed parameter sets. Here, one thousand runs of the multistep protocol have been considered, where each run consists of N = 3 steps. All ultracold atom setups are assumed to be operating atn = 0 and at a low bath occupancy, while we assume that the solid-state setups are operating atn = 0.1 in a thermal bath which has been cooled to 100 mK. Parameter set (i) is a currently realizable proposal for generating macroscopic SCSs in ultracold atoms, while parameter sets (ii), (iii) The plots in Figs. 4 through 7 consider the dependence of the non-classicality and macroscopicity measures on step number forn th = {10 −5 , 10 −3 , 10 −2 },n = {0, 0.1, 1}, and µ = {0.1, 1}. As expected, the introduction of decoherence between steps filters out the high-frequency contributions to the Wigner distribution, which leads to a decrease in the non-classicality and macroscopicity values. We consider step numbers ranging from zero through to seven and note that the case wheren th = 10 −5 performs as well as the ideal case, withn th = 0, to within five percent by the end of the seventh step for all measures. Therefore, if optomechanical devices could be produced with sufficiently high quality factors operating at millikelvin temperatures, such thatn th ≈ 10 −5 , then Eq. (6) would serve as an accurate tool for analysis up to at least seven steps. We also consider the cases wheren th = 10 −3 , which was considered in Table 1 , andn th = 10 −2 , which represents a situation where thermal interactions are much stronger. Figure 4 : Minimum of the Wigner distribution min W plotted as a function of step number N for a range of µ,n th , andn. In the ideal case,n =n th = 0, this non-classicality measure saturates at the minimum possible value of −1/π irrespective of the value of µ. Although the Wigner distribution has greater negativity for µ = 1 and for small decoherence (n th = 10 −5 ), the lower value of µ produces a state with a min W more resilient to the thermal decoherence as N increases.
The non-classicality measures plotted in Figs. 4 and 5 are very sensitive to initial thermal occupation, which reduces the prominence of any non-classical features of the final mechanical state. The amount of thermal occupation, and therefore the reduction in 'phase-space sharpness', is further increased by the decoherence process modelled in between steps of the protocol. Generally speaking, Figs. 4 and 5 show that states with the highest values of N µ, and therefore the sharpest phase-space features, are more susceptible to thermal decoherence effects. This is the conventional quantum-to-classical transition in action. Note that, even after seven steps of our multistep protocol the states with µ = 1 experiencing heavy thermalization,n th = 10 −2 , still retain significant non-classicality-approximately one-fifth of the maximal values for each non-classicality measure.
The macroscopicity measures are plotted in Figs. 6 and 7 and by comparing these plots we see that these two measures scale in a similar way with N . This is because both I and M measure macroscopicity via the degree to which sharp features extend in phase space. I measures this sharpness by averaging over the whole of phase space, while M selects an optimal direction in phase space. The multistep protocol discussed above is deemed successful if it can grow mechanical superposition states towards macroscopic values even in the presence of thermal occupation and decoherence. For the chosen parameter range, Figs. 6 and 7 show that this goal is possible for µ = 0.1 only for small n th . The plots for µ = 0.1 andn th = 10 −3 , 10 −2 show a decrease in I and M with step number. While the corresponding plot atn th = 10 −5 produces an increase in these measures with step number-this increase is slight and not visible in Fig. 6 . But perhaps more interestingly, for µ = 1, the macroscopicity of the decohered states increases as the state grows for N ≤ 5 even in the case of heavy thermalization,n th = 10 −2 . This demonstrates that our protocol is capable of generating significant macroscopicity even when decoherence and initial thermal occupation of the mechanical mode are accounted for. It must however be noted that past N = 5 the protocol leads to a decrease in macroscopicity, meaning that 5 steps is the optimal step number for µ = 1 and n th = 10 −2 . For a given coupling strength and decoherence rate this result indicates that by analysing Eq. (11) an optimal step number can be established. 
Conclusion
In this work, we have introduced a measurement-based multistep protocol for macroscopic quantum state preparation of mechanical motion via cavity quantum optomechanics. The multistep nature of this protocol allows not only for the increase in macroscopicity with step number, but also relaxes the requirement on the optomechanical coupling strength needed to prepare well-separated mechanical superposition states. We have focused primarily on the preparation of mechanical Schrödinger cat states, which consist of a superposition of two distinct momentum states. This is achieved by introducing phases to the input light at each step of the N -step protocol, which correspond to the N th roots of unity. By increasing the step number, the size of the cat states may be grown to a macroscopic scale. We would also like to highlight that by varying the phase φ j introduced at each step, our scheme opens up the possibility of preparing a broad range of non-classical mechanical states.
Using a range of parameters from recent experiments we have studied the effect that thermal occupation and decoherence has on our multistep protocol. We have shown that our scheme may be used to grow macroscopic Schrödinger cat states in presentday ultracold atom implementations of cavity optomechanical systems. Furthermore, we have also shown that our scheme provides an experimentally feasible route to grow macroscopic mechanical superposition states in solid-states devices using present-day and expected near-future experimental parameters.
Coherent states are typically considered a free resource in experiments, making them an ideal choice for the optical input state in an experimental realization of our protocol. However, we have kept our discussions broad by also considering single-photon input states, which produce a more favourable scaling of the heralding probability with step number and do not require the use of photon-number resolving detectors. Furthermore, single-photon input states are now becoming a more readily available resource for cavity-based experiments. This work therefore provides a new path towards the longstanding goal of quantum state generation at a truly macroscopic scale. Once this goal has been achieved, these states may be used to study wavefunction collapse and the interface between quantum mechanics and gravity. We would also like to note that this protocol can be readily adapted to be employed in systems which interact via a spin-phonon coupling, e.g. of the form H int = λσ z X. Prominent examples of such systems include mechanical oscillators with nitrogen-vanancy centres [54, 55] and superconducting electromechanical platforms [45, 56] .
In the multistep pulsed protocol we have introduced, we require operation well outside of the resolved sideband regime so that the mechanical free evolution may be neglected during the interaction, i.e. we require κ ω. Furthermore, for any reasonable mechanical oscillator, with a quality factor much greater than one, this means that the damping and noise on the mechanical mode can be also ignored during the lightmatter interaction. Under these conditions, for a resonant pulsed drive, in a frame rotating at the cavity frequency, the Langevin equations for the system are da dt
where we only consider the interaction between a single intracavity field, described by operator a, and a single mechanical mode, described by b. Here, a in is the operator for the input field, which obeys the input-output boundary condition a out = √ 2κa − a in . As X is approximately constant during the interaction, we integrate Eq. (A.1), which leads to
By rewriting the Langevin equations for the mechanical mode in terms of X and P we arrive at
Eqs. (A.4) and (A.5) are then readily solved to obtain X = X, (A.6)
Here, the prime indicates the state of the system after the pulsed interaction and the limits of integration are valid if the pulse duration is much shorter than the mechanical period. Immediately, we see that on this short time scale, defined by the temporal envelope of the pulse, the position of the mechanical mode stays constant, while the field imparts a momentum kick to the mechanics. Now we assume that the input pulse contains a single photon with temporal envelope f (t),
We may write the momentum exchange during the interaction as P − P = µn, which introduces the optomechanical coupling strength. This form of the interaction is evident from the optomechanical unitary e iµXn from Section 2.1, however we are now more careful to distinguish between the number operator integrated over the pulsed-optomechanical interactionn, and the time dependent intracavity field operators a(t). Eq. (A.3) may be inserted into (A.7) to obtain another expression for the momentum exchange
To find an expression for µ we take the expectation value of the above equation in the total state of the system, which will be a joint state of the external light, the intracavity light, and the mechanical mode. This gives
Where we have used the fact that X = 0. The optomechanical interaction between the intracavity field and the mechanics will generate correlations between the light and mechanical motion, however as the interaction preserves the mechanical position, when the expectation value over the whole system is taken we retain X = 0. The average over the input field operators is given by 11) and the expectation value of the number operator is n = 1 for a single photon pulse. Finally, the equation for µ may be written as
Choosing the pulse shape f (t) = √ κ exp(−κ|t|), which matches the cavity spectrum, and carrying out the final integral over the entire duration of the pulse leads to µ = 3g 0 / √ 2κ.
Appendix B. δ of a SCS
The negativity in W SCS is due to the oscillating cosine term in Eq. (6). For well-separated SCSs where N µ 1, such that the overlap of the interference term with the population terms can be ignored, to calculate the value of δ SCS it is sufficient to consider only this term. From Eq. (6) it is clear that any overlap of the interference term with the population terms will lead to a reduction in δ SCS . The quantity
gives total volume introduced by the interference term. Note that E < 0 because the minimum of the interference term occurs at X = 0, P = N µ/2 and away from this point the Wigner function is modulated by a decaying Gaussian envelope. E may be decomposed as E = δ + − δ SCS . Here, δ + is the total positive volume and δ SCS is the non-classicality measure of interest in the limit N µ 1. We may also consider the quantity J J = 2 N SCS (1 + 2n)π As N µ → ∞, Eq. (B.11) tends to 1/π even in the case that the mechanical mode has a non-zero initial thermal occupation. Hence, by dropping the requirement that N µ 1, we arrive at the result 0 ≤ δ SCS < 1/π valid for all finite N , µ andn. Numerical results show that the introduction of thermal decoherence at each step in the protocol leads to a depletion in δ that cannot be compensated for by an increase in cat state separation.
Appendix C. The macroscopicity measure M
The macroscopicity measure in bosonic systems for the quadrature degrees of freedom as introduced by Oudot et al in Ref. [49] is N eff (ρ) = Here, p τ (x) = tr[ρ τ E(x)] for POVM element E(x), ρ τ = e −iτ X θ ρe iτ X θ , and X θ = (ae −iθ + a † e iθ )/ √ 2. As discussed in the main text, the difficult part in the calculation of N eff (ρ) for a general state ρ is the maximization over all possible POVMs. Hence we only consider a maximization over the complete set of quadrature measurements E(X λ ) = |X λ X λ |, where 0 ≤ λ < π. The macroscopicity measure we use in this work is therefore, M = with coherent amplitude γ = (X + iP )/ √ 2. Here P τ (X, P ) is the P function of the state ρ τ , while P 0 (X, P ) is the P function of state ρ. Considering the action of the displacement operators on the coherent states |γ allows one to see that P τ (X, P ) = P 0 (X − τ sin θ, P + τ cos θ), and consequently W τ (X, P ) = W 0 (X − τ sin θ, P + τ cos θ). The Radon transformation p τ (X λ ) = +∞ −∞ W τ (X cos λ − P sin λ, X sin λ + P cos λ)dP (C.3)
may then be employed to show that p τ (X λ ) = p 0 [X λ − τ sin(θ + λ)]. Inserting this into Eq. (C.1) and making the substitution X λ = X λ − τ sin(θ + λ) leads to the expression F τ = sin 2 (θ + λ)F X λ . Here,
is the classical Fisher information of the quadrature X λ , which is much easier to calculate than F τ as no explicit reference is made to the phase-space translations which we use to test the sensitivity of the state ρ. Hence the macroscopicity measure we employ is given by M = 
